Abstract-The Gaussian blur-space for an unblurred D-image is the set of the images obtained by blurring with multivariate D-Gaussians. Using the variance, instead of the standard deviation, of a Gaussian as blur parameter makes it simpler to extrapolate a deblurred image from a blurred image. Unsharp masking is shown to be a special case of the use of blur-space. Algorithms using blur-space for deblurring and edge-preserving noise smoothing, without explicit edge detection, are described and implemented.
I. INTRODUCTION

W
HICHEVER kind of image acquisition is used, the digital image is corrupted by blur and noise. Therefore, noise smoothing is needed. This paper considers local methods for noise smoothing.
Nagao and Matsuyama [1] suggested finding the most homogeneous neighborhood, i.e., the one with least variance, around the pixel to be smoothed. They used four pentagonal and four hexagonal areas within a neighborhood, and a area centered at the pixel . Lee [2] proposed using the gradient to find the orientation of the edge before selecting a neighborhood on either side of the edge. For each pixel with a high local variance, i.e., near an edge, the gradient is computed to obtain the orientation of the edge. Then a subset of pixels, within a neighborhood, on either side of the edge is found. Because the subset only contains pixels on either side of the edge, the local mean of the subset can be used as the noise smoothed output at pixel . Gradient inverse weighted smoothing [3] uses a mask in which the weighting coefficients are the normalized gradient inverse between the center pixel and its neighbors.
The sigma filter [4] smooths the image noise by averaging only those neighborhood pixels which have their intensities within a fixed range of the center pixel. The range is , where is the standard deviation of the assumed Gaussian noise.
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In Mastin [5] six adaptive noise smoothing methods were implemented and compared against each other and against the mean filter.
Abdelmalek [6] describes a kind of equivalence between noise smoothing and approximation theory. This is done for several noise filtering methods, and for both smooth and impulse noise.
Saint-Marc and Richetin [7] use the principal curvature to estimate the orientation of edges and lines. Each pixel value is replaced by the average of the grey-levels of the points belonging to a directional neighborhood which has the minimal curvature direction.
The methods above explicitly select a subneighborhood or an edge direction before smoothing by averaging, and are thus restricted to a flat facet model [8] . The new method presented in this paper does not have these kind of problems, because it uses a slope independent blur model. The image blur is modeled by a multivariate D-Gaussian function, which can handle blur caused by analogue transmission of scan lines, and pixel aspect ratio (ratio of pixel width to height) different from 1 : 1. Deblur is done by extrapolation in the blur parameters. Noise smoothing is achieved using deblurring followed by blurring such that deblur and blur neutralize each other for edges but not for noise.
II. IMAGE BLUR AND DEBLUR
The Gaussian (Normal) probability density function is defined by . A 1D-Gaussian blurring has the Point Spread Function where is the blur parameter. Let be the ideal unblurred image, and define the blurred image as blurred by (1) The Gaussian blurring of can also be described as the result of a heat diffusion process that satisfies the partial differential equation
where is a function of and time , and is a constant. At some time the unblurred image has been blurred into the observed image . The unblurred image can be estimated using a Taylor series around [9] , [10] 1057-7149/01$10.00 © 2001 IEEE Another approach is to use backward diffusion in time [11] - [14] which is terribly ill-conditioned. The problem can be stabilized by imposing a bound on the variance in the original unblurred image [11] , or by using a pseudo-inverse of the Gaussian blur operator [12] - [14] . This paper will describe a noniterative approach where deblurring is done by extrapolation in the blur parameters.
III. BLUR-SPACE
Images blurred by a Gaussian point spread function have some interesting compositional properties, which allows us to introduce the concept of Gaussian blur-space. is the set of all the blurred images controlled by the blur parameter .
Although (1) is defined only for positive values of , it makes sense to try to extrapolate images with a nonpositive value; these images will be enhanced images.
The idea of blur-space can be generalized to higher dimensional images and extended to point spread functions other than multivariate Gaussians.
Blur-space and scale-space [16] , [17] have the use of blurring in common, but they differ in: parametrization ( instead of ), origin (blur-space has for the unblurred image, whereas scale-space has for the observed image), and purpose (blur-space for handling blur and deblur; scale-space for describing scale dependent features).
For 2-D images, the ideal unblurred image and its multivariate 2-D Gaussian blurred image is denoted by respectively and .
IV. DEBLUR ALGORITHM FOR 1-D IMAGES
This section describes an algorithm using blur-space to deblur a 1-D image, so that the blur parameter is decreased by the amount . The observed image is blurred into images , which are used as interpolation points. The images of derivatives will be used to constrain the interpolation or extrapolation done by polynomial approximation in the blur domain. The major steps of the algorithm are as follows. (2) where and are constants. 3) (Deblur image) For each pixel position in the observed image , calculate using (2) . The output of the method at is . For the case with the approximation , the method above corresponds to filtering with the mask in Fig. 1 .
V. DEBLUR ALGORITHM FOR 2-D IMAGES
The deblur algorithm in Section IV can be extended to 2-D images utilizing the separability of a multivariate 2-D Gaussian point spread function. For the case , with the approximation , it corresponds to filtering with the mask in Fig. 2 .
A. Unsharp Masking
The unsharp masking technique, often used in the printing industry for sharpening edges [18] , [19] , can be obtained as a special case of the deblur method with and for . Choosing , , and gives for the unblurred image where . The concept of blur-space can be used to derive a whole class of formulas for unsharp masking by varying the number of blurred images and their blur parameters.
VI. EXPERIMENTAL RESULTS AND NOISE SMOOTHING ALGORITHM
The algorithm in Section V has been implemented in the language . A region from an observed image with blur that can be approximated by a Gaussian with variance and , is shown in Fig. 3 with intensity displayed as height. Fig. 4 shows the result of deblurring ( , and ) on the region in Fig. 3 . The edges have been enhanced, but so has the noise, too.
Example 1 (Deblur):
A. Noise Smoothing (Deblur + Blur)
Deblurring followed by blurring can be used to smooth the noise. It looks much like one step backward and one step forward, but it has the effect that the noise is reduced while edges are preserved. Even though deblurring is unstable, blurring restores smoothness of the image, thus giving a stable result.
Example 2 (Deblur Blur): Fig. 5 shows the result of deblurring ( , , and ) followed by multivariate Gaussian blurring with variance on the region in Fig. 3 . The blur is chosen to be approximately 80% of the deblur, in order to avoid extra blur. A comparison of Figs. 3 and 5 shows that the noise has been smoothed while the edges have been preserved.
Therefore a method for edge-preserving noise smoothing is the enhance-blur operation denoted by where and . The operation consists of two steps. 1) Use the algorithm from Section V to deblur and reduce the blur with in the -direction and in the -direction. For the case use the mask in Fig. 2 . 2) Use a discrete approximation of a multivariate 2-D Gaussian with variance in the -direction and in the -direction to increase the amount of blur.
A visual better appearance (enhanced) of an image can be obtained if the use of is followed by deblur. Using and gives results similar to the results mentioned previously. Higher values of suffer from noise amplification problems.
VII. CONCLUSION
The Gaussian blur-space for an unblurred D-image has been introduced as the set of the images obtained by blurring with multivariate D-Gaussians controlled by blur parameter(s), which can handle blur caused by analogue transmission of scan lines, and pixel aspect ratio different from 1 : 1. Using the variance of a Gaussian, instead of the standard deviation, as the blur parameter, gives a simple relation between the th directional derivative in the blur domain and the th directional derivative in the spatial domain, as described in Observation 2.
The blur-spatial relation can be used to constrain interpolation and extrapolation in the blur domain. The method of weighted least squares gives a polynomial in the blur domain which can be used for deblurring images with sloped regions. Unsharp masking is shown to be a special case of the use of blur-space.
The deblur algorithm can be used for edge-preserving noise smoothing by first deblurring, and then blurring with a Gaussian. A special case of the deblur algorithm combined with Gaussian blurring, called the enhance-blur operation , gives a simple and fast method for edge-preserving noise smoothing. It is useful as a simple preprocessing tool in image processing and analysis.
